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S.1 Proof of existence of equilibrium

A stationary equilibrium is guaranteed to exist under mild conditions. To see this,
define the excess demand for short-term housing as follows,

zS
j (r, p, a) ” QS

j (p, a) ´ HS
j (rj, pj; κj) @j P J .

Similarly, define the excess demand for short-term housing as follows,

zL
j (r, p, a) ” QD,L

j (r, a) ´ HL
j (rj, pj; κj) @j P J .

Assumption 1 We assume that each type of households has a minimum area of housing
necessary for subsistence; let us denote this level by γk, @k. Denote by ψk ” wk/γk the
maximum rental price that a household of type k is able to pay to reach its subsistence level
of housing. We define

ψmin ” min
k

ψk and ψmax ” max
k

ψk

Further, we assume there is a constant q P (0, 1] such that

q ˆ

K
ÿ

k=1

Mk ¨ γk =
J

ÿ

j=1

Hj

In words, this assumption says that the city can accommodate at most fraction q of house-
holds.

Proposition 1 Suppose Assumption 1 holds. Then a stationary equilibrium exists in the
dynamic model.

Proof. We perform the change of variables to rrj ” log(rj) and seek a vector of
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log-rent, a vector of Airbnb prices, and a matrix of amenities that clear all markets.

In what follows, define

D ”
ą

j

[
min

#

´ Hj, log
(q ¨ mink αk

hwk
řJ

j=1 Hj

)+

, log

(
max

!

ÿ

k

αk
hwk Mk

ψmin
, ψmax

)

)]

ˆ

[
0,

1
Fjsσs

( K
ÿ

k=1

Mkαk
sαk

cwk + MTαT
s αT

c wT
)]J¨S

and observe D is convex and compact. The choice of the domain for the household
problem will become clear later in the proof. We also denote by ω a generic con-
catenation of rr and a. We can drop short-term rental prices for now as they do not
appear in the decision problem of household.

First, we prove that the value function of households is well-defined and unique.
Recall that the value function for household i of type k is

Vk(xit, ωt, εit) = max
d

!

uk(j, xit, ωt) + ϵidt + βE
[
Vk(xit+1, ωt+1, εit+1)|d, xit, ωt, εit

])
Then, we have

EVk(xit, ωt) ” Eωt,εit

[
Vk(xit, ωt, εit)|xit´1, ωt´1, εit´1

]
= Eωt,εit

[
max

d

!

uk(j, xit, ωt) + εidt + βEVk(xit+1, ωt+1)
)

|xit, ωt, εit

]
= Eωt|xit´1,ωt´1

Eεit|ωt,xit,ωt´1

[
max

d

!

uk(j, xit, ωt) + εidt + βEVk(xit+1, ωt+1)
)]

= Eωt|xit,ωt´1

[
log
(

ÿ

d

exp
(
uk(j, xit, ωt) + βEVk(xit+1, ωt+1)

))]
=

ż

ωt

log
(

ÿ

d

exp
(
uk(j, xit, ωt) + βEVk(ι(j, xit+1), ωt)

))
p(dωt|xit, ωt ´ 1)

where p(dω1|x, ω) is a transition function for the exogenous state variables. We
used the fact that the ε’s are distributed i.i.d. mean-zero Type I EV. Moreover, since
we seek a stationary equilibrium and assume households have perfect foresight,
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the notation above can be compressed to

EVk(xit, ωt) = log
(

ÿ

d

exp
(
uk(j, xit, ωt) + βEVk(xit+1, ωt+1)

))
Let B(D) be the Banach space of continuous and bounded functions on the com-
pact set D defined above. Define an operator Tk : B(D) Ñ B(D) by

Tk(EVk)(xit, ωt) = log
(

ÿ

d

exp
(
uk(j, xit, ωt) + βEVk(xit+1, ωt+1)

))
This is well-defined. Indeed, if EVk is continuous, Tk(EVk) is continuous. Sup-
pose EVk is bounded. Since the domain for amenities and prices is compact and
the flow utility, exponential and logarithmic functions are continuous, we have by
Weierstrass’ theorem that Tk(EVk) is also bounded, and hence belongs to B(D).
Therefore, T is well-defined.

Next, we show that T is a contraction mapping on B(D). To this end, note that
@(x, ω) P D and g, h P B(D), we have

max
dPD

!

uk(j, x, ω) + εd + βg(x1, ω1)
)

´ max
dPD

!

uk(j, x, ω) + εd + βh(x1, ω1)
)

ď max
dPD

|g(x1, ω1) ´ h(x1, ω1)|

Hence, taking sup over D, it follows that

||T(g) ´ T(h)||8 ď β||g ´ h||8

This shows that T is a contraction mapping. Hence, EVk is the unique fixed point
of this operator, and is a continuous and bounded function.

We also claim that EVk is a strictly decreasing function in rrj, @j P J with rrj ă

log(ψk) and decreasing otherwise. To this end, first note that the set of decreas-
ing continuous and bounded functions over D, which we denote by BD(D) Ď

B(D), is a closed subset of B(D), and hence a Banach space itself. Since uk is a
decreasing function of rrj, @j P J , it follows that the Bellman operator Tk maps
Tk(BD(D)) Ď BD(D). By a well-known corollary to the Contraction Mapping
Theorem (see Corollary 1 to Theorem 3.2. in Stokey, Lucas and Prescott (1989)), it
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follows EVk P BD(D). Further, restrict D to rD which we define to be

rD ”

#

(r, a) P D : rrj P

[
min

#

´ Hj, log
(q ¨ mink αk

hwk
řJ

j=1 Hj

)+

, log(ψk)

]
, @j P J

+

Note that rD is a closed subset of D, and, hence, compact. Then, B( rD) and BD( rD)

are Banach spaces. Let BSD( rD) be the set of strictly decreasing continuous and
bounded functions on rD. Observe that Tk(BD( rD)) Ď BSD( rD). It follows by a
corollary to the Contraction Mapping Theorem (Corollary 1 to Theorem 3.2. in
Stokey et al. (1989)) that EVkæ

rD P BSD( rD).

Notice that for an action d, xit+1 is a deterministic function of xit. Given the
resulting value function EVk, the probability that household i chooses action d in
period t is given by

Pk(d|xit, ωt) =
exp

(
uk(j, xit, ωt) + βEVk(xit+1(j, xit), ωt+1)

)
ř

j1 exp
(

uk(j1, xit, ωt) + βEVk(xit+1(j1, xit), ωt+1)
)

The transition probabilities between individual states are hence given by

Pk(j1, τ1
|j, τ, ω) =

$

’

’

’

&

’

’

’

%

Pk(d = j|j, τ, ω) + Pk(d = s|j, τ, ω) , τ1 = min(τ + 1, τ) and j = j1

Pk(d = j1|j, τ, ω) , τ1 = 1 and j ‰ j1

0 , otherwise

It follows from the above that for any household type k, the one-step transi-
tion probabilities are continuous in (r, a) P D, and since the flow utility func-
tion and the EVk functions are both strictly decreasing in rrj, @j P J such that

rrj P [mint´Hj, log
(

q¨mink αk
hwk

řJ
j=1 Hj

)
u, log(ψk)], it follows that the transition probabili-

ties are strictly decreasing in rj on this domain.

We stack up the transition probabilities into a transition matrix Πk

Πk(ω) =
[
Pk(j1, τ1

|j, τ, ω)
]

jPJ Yt∅u,τPt1,...,τ̄u
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Observe that the resulting Markov chain is regular if

rrj P

[
min

#

´ Hj, log
(q ¨ mink αk

hwk
řJ

j=1 Hj

)+

, log(ψk)

]
, @j P J

To this end, suppose rrj ă log(ψk), @j P J . We claim that the entries of Πk(ω)τ̄+2 are
all strictly positive. Indeed, this follows from (i) Pk(d = j1|j, τ, ω) ą 0, @j, τ, j1 ‰ j,
(ii) Pk(d = s|j, τ, ω) ą 0, @j, τ, and (iii) it takes at most two steps to arrive to a
state (j, 1), @j P J . Whenever Dj P J such that rrj ą log(ψk), since such a location
is not affordable, the household will never select it. Hence, in this case we may
restrict the Markov chain to the rest of the locations, and the restricted chain is
again regular by an analogous argument. It follows a stationary distribution exists,
is unique, and equals the limiting distribution. Denote the stationary distribution
by ßk(ω) ” ßk(Πk(ω)).

Next, we claim ßk(ω) is a continuous function of ω. To this end, we define
the following auxiliary matrices following Schweitzer (1968). The time-averaged
transition matrix (which always exists for ergodic Markov chains (Bharucha-Reid,
1997)) is given by

Πk,8(ω) = lim
mÑ8

1
m

m
ÿ

j=1

Πk(ω)j

The fundamental matrix of Kemeny and Snell (1983) is then given by

Zk(ω) =
(

I ´ Πk(ω) + Πk,8(ω)
)´1

where I is the identity matrix. For any feasible ω, ω1, define ∆k(ω, ω1) ” Πk(ω1) ´

Πk(ω), and vector gk(ω, ω1) given by

gk
l (ω, ω1) ”

N
ÿ

s,m=1

πk
s (Π

k(ω))Zk
sl(ω)∆k

sl(ω, ω1)
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It follows from expression 15 in Schweitzer (1968)

||ßk(ω) ´ ßk(ω1)||8 = ||ßk(Πk(ω)) ´ ßk(Πk(ω1))||8

= ||ßk(Πk(ω)) ´ ßk(Πk(ω) + ∆k(ω, ω1))||8

= ||ßk(Πk(ω)) ´
(
ßk(Πk(ω)) + gk(ω, ω1) +O

(
∆k(ω, ω1)2))

||8

ď ||gk(ω, ω1)||8 + ||O
(
∆k(ω, ω1)2)

||8

Further, we have

||gk(ω, ω1)||8 ď ||Zk(ω)||8||∆k(ω, ω1)||8 Ñ 0 as ω1
Ñ ω

since Πk(ω) is a continuous function of ω and so ||∆k(ω, ω1)||8 Ñ 0 as ω1 Ñ ω.
Similarly, ||O

(
∆k(ω, ω1)2)||8 Ñ 0 as ω1 Ñ ω. Hence, ||ßk(ω) ´ ßk(ω1)||8 Ñ 0 as

ω1 Ñ ω. Since ω was arbitrary, it follows that πk(ω) is a continuous function of ω.

We also claim that
ř

τ πk
jτ(ω) is a decreasing function of rrj and an increasing

function of rrj1 for j ‰ j1. Indeed, this relation follows directly from the definition of
a stationary distribution

ÿ

τ

πk
jτ(ω) =

ÿ

τ

ÿ

j1,τ1

Πk
(j,τ),(j1,τ1)(ω)πk

j1,τ1(ω)

since Πk
(j,τ),(j1,τ1)(ω) is a decreasing function of rrj, @τ, j1, τ1, and weakly increasing

of rrl for l ‰ j, and since probabilities sum to 1.

As in the model description, we define the demand function for squared footage
of long-term housing by

QD,L,k
j (ω) =

αk
hwk Mk

ř

τ πk
jτ(ω)

errj

From the above, it follows that QD,L,k
j (ω) is a continuous function of ω and that

QD,L,k
j (ω) is decreasing in rrj and weakly increasing in rrj1 for j ‰ j1. The aggregate

demand function QD,L
j (ω) =

ř

k Q
D,L,k
j (ω) inherits these properties. Further, we
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correspondingly redefine the share of long-term houses as

sL
j (rr) =

exp(αerrj)

exp(αerrj) + exp(αpj + κj)

Fixing amenities a and log-rent rr, solving for equilibrium in the market for
short-term housing corresponds to solving for a root of zS(rr, p, a) in p. Since
Airbnb tourists can choose only among inner-city neighborhoods, the economy
satisfies standard conditions for the existence of competitive equilibria (see, e.g.,
Mas-Colell, Whinston, Green et al. (1995)). Equilibrium exists by an application
of Kakutani’s fixed-point theorem on the unit simplex of normalized price vectors
(Mas-Colell et al., 1995). Moreover, the gross substitute property also holds by
standard arguments. Therefore, the equilibrium is unique. Hence, we can define
the equilibrium price vector as a function of log-rent and amenities p˚(rr, a). The
continuity of this function follows by applying the Implicit Function Theorem to
zS at market clearing prices.

Solving for equilibrium in the market for long-term housing corresponds to
solving the following system of equations in rr P RJ

QD,L
j (rr, a) = sL

j (rr, p˚(rr, a))Hj, @j P J

We claim this system has a solution for fixed amenities a P [0,
řK

k=1
Mkαk

s αk
c

Fjsσs
]J¨S, j P J .

Before we proceed, note that the following holds using the above and by Assump-
tion 1. With a slight abuse of notation, if we denote by

rrmin ” log

(
q ¨ mink αk

hwk
řJ

j=1 Hj

)
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we have

lim
rrL

j Ñrrmin

zj(rr) =

řK
k=1 αk

hwk Mk
ř

τ πk
jτ(rrmin,rr´j)

q ¨ mink αk
hwk

J
ÿ

j=1

Hj ´ sL
j (rrmin,rr´j)Hj

ě

řK
k=1 Mk

ř

τ πk
jτ(rrmin,rr´j)

q

J
ÿ

j=1

Hj ´ sL
j (rrmin,rr´j)Hj

ě

K
ÿ

k=1

Mk ˆ

J
ÿ

j=1

Hj ´ sL
j (rrmin,rr´j)Hj ą 0

and
lim

rrjÑlog(ψmax)
zL

j (rr) = ´sL
j (log(ψmax),rr´j)Hj ă 0

We transform the root-finding problem to a fixed-point problem by defining f :
RJ Ñ RJ , f(rr) = z(rr) +rr. Observe that f is continuous, and since zj is decreasing
in rrj and by the above, we must have

f
(

ą

jPJ

[
min

#

´ Hj, log
(q ¨ mink αk

hwk
řJ

j=1 Hj

)+

, log

(
max

!

ÿ

k

αk
hwk Mk

ψmin
, ψmax

)

)])
Ď

ą

jPJ

[
min

#

´ Hj, log
(q ¨ mink αk

hwk
řJ

j=1 Hj

)+

, log

(
max

!

ÿ

k

αk
hwk Mk

ψmin
, ψmax

)

)]

where the considered set is convex and compact. Applying Brouwer’s fixed point
theorem, an equilibrium exists. Finally, an equilibrium vector of strictly positive
rental prices must exist by the properties of the logarithmic function.

Further, since the aggregate demand function is strictly decreasing in rj, @j P J
such that rj ď ψmax and since all equilibrium prices are at most ψmax, restricting
attention to (0, ψmax], the strict gross substitutes property holds in this case, as
well. Hence, the equilibrium is unique. This allows us to define the equilibrium
price vector as a function of the fixed vector of amenities r˚(a). Continuity of
this function follows by applying the Implicit Function Theorem to zL at market-
clearing prices.
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Equilibrium in the market for amenities requires, @j P J , s P S ,

ajs =
1

Fjsσs

(
K

ÿ

k=1

QD,L,k
j (r˚(a), a)αk

sαk
cwk +QT

j (p
˚(r˚(a), a), a)αT

s αT
c wT

)

Define ψ : RJ¨S Ñ RJ¨S by, @j P J , s P S ,

ψjs(a) =
1

Fjsσs

(
K

ÿ

k=1

QD,L,k
j (r˚(a), a)αk

sαk
cwk +QT

j (p
˚(r˚(a), a), a)αT

s αT
c wT

)
.

By the above, it follows that ψ is continuous and

ψ

([
0,

1
Fjsσs

( K
ÿ

k=1

Mkαk
sαk

cwk + MTαT
s αT

c wT
)]J¨S

)

Ď

[
0,

1
Fjsσs

( K
ÿ

k=1

Mkαk
sαk

cwk + MTαT
s αT

c wT
)]J¨S

Existence of equilibrium hence follows by Brouwer’s fixed-point theorem.
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